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Abstract
We show how so-called Yang-Baxter (YB) deformations of sigma models, based on an R-matrix
solving the classical Yang-Baxter equation (CYBE), give rise to marginal current-current de-
formations when applied to the Wess-Zumino-Witten (WZW) model. For non-compact groups
these marginal deformations are more general than the ones usually considered, since they can
involve a non-abelian current subalgebra. We classify such deformations of the AdS3×S3 string.
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1 Introduction
Conformal field theories (CFTs) in two dimensions are of interest for various areas of physics,
from condensed matter physics to string theory. In string theory they naturally arise on the
worldsheet of the string. In the context of holographic duality, certain two-dimensional CFTs are
also known to be dual to string theories on three-dimensional anti de Sitter spacetimes [1, 2, 3].
An important instance of the AdS3/CFT2 duality is obtained by studying string theory on
AdS3×S3×T 4. In the case of pure NSNS flux the string is described by a Wess-Zumino-Witten
(WZW) model on the group F = SL(2,R)×SU(2), see [4, 5, 6] and references there. We will be
interested mainly in this setup. The CFT description of the worldsheet theory allows to make
precise statements about the AdS/CFT duality in this case. A recent example is the duality
between the symmetric product orbifold CFT and the string WZW model at level k = 1 [7].
Generally speaking it is interesting to understand the conformal manifold of a CFT, i.e. the
space of marginal deformations generated by adding a local perturbation to the Lagrangian.
When applied to the WZW model under study, the marginal deformations correspond to defor-
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mations of the supergravity background. They give us (at least in principle) a way to go beyond
the usual AdS3/CFT2 duality and extend it to cases in which e.g. the supersymmetry or the
conformal symmetry of the dual CFT2 are broken. Local marginal deformations of WZW mod-
els were studied by Chaudhuri and Schwartz (CS) [8]. They found that a necessary condition
for local operators constructed out of the chiral and antichiral currents as
O(σ, σ¯) = cabJa(σ)J¯b(σ¯) , (1.1)
with cab some constant coefficients, to give a marginal deformation is that cab satisfy
C · C + C¯ · C¯ = 0 , (1.2)
where we have defined Cabc ≡ cdacebf cde, and C¯abc ≡ cadcbef cde, and the product is obtained using
the Killing metric Kab, e.g. C · C ≡ CabcCdefKadKbeKcf . Equation (1.2) is quartic in cab, and
it involves also the structure constants of the algebra of F , the Lie group of the WZW model.
We will call it the weak CS condition. CS were interested in the case of CFTs where the group
F is compact. In that case (1.2) reduces to
Cabc = 0 , and C¯abc = 0 , (1.3)
which is an equation quadratic in cab that we will call the strong CS condition. It imposes, in
fact, a stronger constraint, since it is only in the case of compact groups that it is equivalent
to (1.2). CS also showed that solutions of the strong condition correspond to abelian subalgebras
of Lie(F ), since when (1.3) holds it is always possible to identify linear combinations of Ja, J¯a
such that their OPEs do not have the term involving the structure constants — the so-called
“no simple-pole condition”, cf. (2.16). In that case the correlation functions of O are the same
as for an O constructed out of free bosons, which in turn implies that the deformation can be
completed to all orders in conformal perturbation theory in the deformation parameter. For
deformations satisfying only the weak CS condition on the other hand there is no guarantee
that they remain marginal beyond lowest order in the deformation parameter. In the literature
on marginal deformations of WZW models, see e.g. [9, 10, 11, 12, 13, 14, 15, 16, 17, 18], we
did not find examples that satisfy the weak CS condition but not the strong one. Here we will
construct such examples by involving sufficient components of the chiral and antichiral currents
of SL(2,R). In this sense our results identify new directions to explore the conformal manifold.
In [10, 19, 11] it was argued that O(d, d) transformations provides the correct language to
obtain the exact (in the deformation parameter) version of the CFTs deformed by the abelian
current-current operators. Indeed, such transformations do not break the isometries involved
in the deformation and one can show that the derivative of the action with respect to the
deformation parameter is given by
dS
dη
= −T
2
∫
d2σ JηJ¯η , (1.4)
where Jη and J¯η are (anti)chiral currents of the deformed theory corresponding to the isometries
involved in the deformation. This makes it clear that the infinitesimal deformation can be
integrated to a finite one. The relevant so-called β-shifts of O(d, d), corresponding to a simple
shift of the B-field of the dual model obtained by performing T-duality on two U(1) isometries,
are also known as TsT (T-duality, shift, T-duality) transformations [20, 21, 22, 23]. A TsT
transformation exploits an abelian U(1)2 global symmetry of the sigma model to construct a
deformation parameterised by a continuous deformation parameter. Since the deformation is
constructed by exploiting T-duality, on-shell the deformed model is equivalent to the undeformed
one, and the deformation can be equivalently understood as a twist in the boundary conditions
in the compact direction of the worldsheet.
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TsT transformations are known to belong to a larger class of deformations of sigma models,
usually called Yang-Baxter (YB) deformations. They first appeared in the context of inte-
grable models, since the deformations do not break the classical integrability of the original
model [24, 25, 26]. YB deformations are particularly interesting in the context of the AdS/CFT
correspondence, since they can be used to generate string backgrounds deforming the standard
ones appearing in the AdSd+1/CFTd dualities. Particularly important cases are those for which
integrability techniques may be applied. In the case of AdS5/CFT4 it was proposed that the
deformations of the AdS5×S5 background should correspond to non-commutative deformations
of N = 4 super Yang-Mills [27, 28, 29, 30]. The name YB comes from the fact that the deforma-
tion is controlled by an object R which is an element of g∧g (where g is the algebra of isometries
of the starting background) and solves the classical Yang-Baxter equation1 (CYBE) on g. The
simplest solutions to the CYBE are the so-called abelian R-matrices, e.g. R = T1 ∧ T2 with
Ti ∈ g and [T1, T2] = 0. In this case the CYBE is trivially satisfied because the relevant structure
constants vanish. Abelian YB deformations were shown to be equivalent to TsT transforma-
tions in [31]. On compact algebras, the CYBE only admits abelian solutions. On non-compact
algebras, instead, more interesting non-abelian solutions (i.e. R-matrices constructed out of
generators of a non-abelian subalgebra) are possible.
Originally, in the construction of the YB-deformed sigma models, the CYBE was necessary
in order to preserve the classical integrability. Later it was understood that YB deformations
may be obtained from non-abelian T-duality (NATD) [32, 33]. That interpretation revealed a
consistent generalisation of what is known about TsT transformations, since it became clear that
YB deformations correspond to a shift of the B-field of the dual (undeformed) sigma model; the
deformed model is then obtained by applying NATD on the subalgebra of g where R is non-
degenerate. After restricting the domain, R may be inverted and its inverse R−1 is a Lie algebra
2-cocycle. The shift of the dual B-field is given by this 2-cocycle. In other words, it is possible
to go beyond the construction related to integrable models, and understand the CYBE as being
a constraint necessary to shift the dual B-field without modifying its field strength H = dB.
Consistently with this interpretation, in [34, 35] it was proposed to identify YB deformations
with the β-shifts of a larger group extending the known O(d, d) group of abelian T-duality, that
in [34] was dubbed “non-abelian T-duality group”. The logic of NATD/β-shifts may be used
to construct YB deformations of generic sigma models [34, 35, 36], beyond those for which YB
deformations were first introduced, the Principal Chiral Model and (super)cosets.2 Here we will
use the transformation rules of [36], which were derived from the NATD construction and have
the advantage of being applicable to a generic background with isometries (even when the initial
G − B is not invertible, as is the case for the background metric and Kalb-Ramond field that
we have to consider in this paper).
Because of their realization via NATD, YB models will be Weyl invariant at least to one loop
in σ–model perturbation theory (and exactly in the deformation parameter), provided that the
Lie algebra on which the R-matrix is non-trivial is unimodular (i.e. the trace of its structure con-
stants vanish). In this case the deformed background solves the standard supergravity equations
of motion. When the algebra is not unimodular there is a potential Weyl anomaly [38, 39]. In
that case the resulting background solves instead a generalization of the standard supergravity
equations [40, 41] controlled by a Killing vector field K. Even in these non-unimodular cases, it
can happen that there is actually no Weyl anomaly. This is reflected in the fact that the gener-
alized supergravity equations can have “trivial” solutions, i.e. solutions with K 6= 0 but where
nevertheless the other fields solve the standard supergravity equations [42]. In [42] it was shown
1There is also a version of these models where R solves instead the modified CYBE [24, 25]. The story in that
case is quite different and we will not consider it here.
2Ref. [37] put forward a first proposal for a set of transformation rules to go beyond these cases.
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that this can happen if K is null. In appendix E we show that this condition can be weakened
and K does not have to be null if the one-form X appearing in the generalized supergravity
equations takes the form X = dφ+ K˜ with φ the dilaton and K˜ another Killing vector. We will
see that YB deformations of the AdS3 × S3 WZW model give rise also to “trivial” solutions,
both ones with K2 = 0 and with K2 6= 0. We will also find some examples with a genuine
anomaly, corresponding to K not being null (and K˜ not defining a Killing vector).
As we will discuss in more detail in section 3, at leading order in the deformation parameter
YB deformations correspond to current-current deformations. We are therefore led to study
YB deformations of strings on backgrounds containing an AdS3 subspace, expecting to find
marginal deformations of the corresponding WZW model. Particularly interesting for us are the
deformations that do not solve the strong version of the CS condition, but only the weak one.
We will construct explicitly such examples. Such possibilities are allowed because we exploit
also the non-compact part of the current algebra to generate the deformations.
The paper is organised as follows. In section 2 we review some aspects of the SL(2,R)×SU(2)
WZWmodel and of marginal current-current deformations that are important for our discussion.
In section 3 we review the transformation rules of YB deformations and explain in which cases we
can understand them as compositions of simpler YB transformations. We will also explain the
connection to the marginal current-current deformations. Using the classification of R-matrices
in appendix C, we later study deformations of AdS3 and AdS3 × S3. We give our conclusions
in section 4. Appendix A collects some details on the field redefinition used in section 3, and
appendix B discusses the on-shell equivalence of the YB models to the undeformed ones. In
appendix D we consider the case of the sl3 algebra, which is separate from the rest of the paper.
In appendix E we extend the triviality condition of [42].
2 Wess-Zumino-Witten model and marginal current-current de-
formations
In this section we review certain aspects of WZW models and their marginal current-current
deformations. Although the discussion can be made general, for concreteness we will take the
example of the SL(2,R)×SU(2) WZWmodel, since it is important for string theory applications
and it already contains all the salient features.
2.1 The AdS3 × S3 sigma model
We start with a sigma model describing the propagation of a string in AdS3 × S3, that can
be viewed (after adding four free bosons) as the bosonic sector of the superstring . The sigma
model action is3
S =
k
2π
∫
d2σ
(−∂x−∂¯x+ + ∂z∂¯z
z2
+
1
4
∂φi∂¯φi +
1
2
∂φ2∂¯φ1 sinφ3
)
. (2.1)
Here we are considering the pure NSNS background, and k will be the level of the WZW model.
The string tension is T = k/π, and the metric and B-field appearing in the sigma model action
3 We work with a Lorentzian worldsheet and we introduce worldsheet coordinates σ± = σ0 ± σ1, so that
η+− = η−+ = −2, ǫ+− = −ǫ−+ = −2 and d2σ = 1
2
dσ+dσ−. We also use the standard notation σ, σ¯ in place of
σ+, σ−, as well as ∂ = ∂σ, ∂¯ = ∂σ¯.
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follow from S = T
∫
d2σ L = T2
∫
d2σ ∂xm(Gmn −Bmn)∂¯xn and are4
ds2 = ds2AdS3 + ds
2
S3
=
−dx+dx− + dz2
z2
+
1
4
[
dφ23 + cos
2 φ3dφ
2
1 + (dφ2 + sinφ3dφ1)
2
]
,
B =
dx+ ∧ dx−
2z2
− 1
4
sinφ3dφ1 ∧ dφ2 .
(2.2)
AdS3 is parameterised by the boundary coordinates x
± and the radial coordinate z, while the
angles φi parameterise the sphere. The AdS3 metric admits the following Killing vectors
km0 ∂m = x
+∂x+ +
1
2z∂z , k
m
+ ∂m = ∂x+ , k
m
−∂m = −(x+)2∂x+ − z2∂x− − x+z∂z ,
k¯m0 ∂m = −x−∂x− − 12z∂z , k¯m− ∂m = ∂x− , k¯m+∂m = −(x−)2∂x− − z2∂x+ − x−z∂z .
(2.3)
They satisfy [kma ∂m, k
n
b ∂n] = −f cabkpc∂p (and similarly for k¯a), where f cab are the structure con-
stants of the algebra of SL(2,R)
[S0, S±] = ±S± , [S+, S−] = 2S0 . (2.4)
In these formulas and in the following we use a bar to distinguish the right copy of the algebra
from the left copy.5 For the sphere we have two copies of SU(2), whose algebra is generated by
Ta (a = 1, 2, 3) with commutation relations [Ta, Tb] = −ǫabcTc. We will not write explicitly all
Killing vectors of S3 since we will not need them. For our purposes it will be enough to use the
two commuting Killing vectors
k1 = −∂φ1 and k¯2 = ∂φ2 . (2.5)
The sigma-model action is invariant under the transformations generated by the above Killing
vectors, although in certain cases the B-field is not invariant but changes by a total derivative.
Therefore in general the corresponding Noether currents are given by
JA,± = kmA (Gmn ±Bmn)∂±xn + jA,± , (2.6)
where jA,± is defined by looking at the variation of the Lagrangian δAL = ε∂ij
i
A under the
infinitesimal global transformation. Because of our choice of gauge, in the AdS3 part only
ji− and j¯
i
+ are non-zero, and we also have j
i
1 = j¯
i
2 = 0. In the following we will ignore the
transformations generated by S−, S¯+, since for our discussion it will be enough to focus on the
(maximal solvable) subalgebra generated by
S0, S+, S¯0, S¯−, T1, T¯2 . (2.7)
All Noether currents that we will need to consider will therefore have jA,± = 0. Let us anticipate
that these Noether currents are not always equal to the chiral (resp. antichiral) currents of
the WZW description, which we shall denote by J (resp. J¯) and write explicitly in the next
subsection. They agree up to “improvement terms” that do not spoil the current conservation,
of the type ǫij∂jc for some c. Restricting to the generators in (2.7), for AdS3 we have
J0,+ = J0 − 12∂ log z , J0,− = +12 ∂¯ log z , J+,+ = J+ , J+,− = 0 ,
J¯0,− = J¯0 + 12 ∂¯ log z , J¯0,+ = −12∂ log z , J¯−,− = J¯− , J¯−,+ = 0 ,
(2.8)
while for S3
J1,+ = J1 + 14∂φ1 , J1,− = −14 ∂¯φ1 ,
J¯2,− = J¯2 − 14 ∂¯φ2 , J¯2,+ = 14∂φ2 .
(2.9)
This fact will later play an important role in our discussion.
4In our conventions B = 1
2
Bnmdx
m
∧ dxn.
5We will interchangeably place the bar on an object or on its index, in other words k¯a or ka¯ have the same
meaning. For readability sometimes we will prefer the former.
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2.2 The SL(2,R)× SU(2) WZW model
The action of the WZW model is SWZW = S1 + kΓ where k is the level and
S1[g] =
k
4π
∫
∂B
d2σTr(∂ig−1∂ig) , Γ[g] = − 1
6π
∫
B
d3σǫijkTr(g−1∂igg
−1∂jgg
−1∂kg) . (2.10)
Here g is an element of a group G, depending on coordinates on B, whose boundary ∂B is the
worldsheet of the string. In the following we will take the action6 SWZW [ga]− SWZW [gs] with
ga = e
x+S+z2S0e−x
−S− ∈ SL(2,R) , gs = eφ1T1eφ3T3eφ2T2 ∈ SU(2) . (2.11)
We realise the generators of the algebra of SL(2,R) in terms of the Pauli matrices as S0 = σ3/2,
S+ = (σ1 + iσ2)/2, S− = (σ1 − iσ2)/2, and similarly for SU(2) we take Ta = i2σa. The Killing
form is related to the trace in this representation as Kab = f
d
acf
c
bd = 4Tr(SaSb), and similarly
for Ta. We will use the bilinear form induced by the trace, rather than the Killing form, to raise
and lower algebra indices.
The equations of motion for the action SWZW [g] imply chirality for the current J = ∂gg
−1,
and equivalently antichirality for the current J¯ = −g−1∂¯g, i.e. ∂¯J = 0, ∂J¯ = 0. We decompose
the currents as J = JaS
a for AdS3 and J = JaT
a for S3, and similarly for J¯ , where S0 =
2S0, S
± = S∓ and T
a = −2Ta. Thanks to these definitions the component Ja of the chiral
current corresponds to the action of the generator Sa (or Ta in the case of the sphere) from
the left, while the component J¯a of the antichiral current corresponds to the action of the
same generator from the right. The same holds for the corresponding Killing vectors ka and
k¯a. In particular we have k
m
a ∂mga = +Saga, k¯
m
a ∂mga = −gaSa for AdS and km1 ∂mgs = −T1gs,
k¯m2 ∂mgs = +gsT2 for the sphere.
7 In our parameterisation the components of the SL(2) currents
read
J0 =
z∂z − x+∂x−
z2
, J− =
x+(x+∂x− − 2z∂z)
z2
+ ∂x+ , J+ = −∂x
−
z2
,
J¯0 = −z∂¯z − x
−∂¯x+
z2
, J¯+ =
x−(x−∂¯x+ − 2z∂¯z)
z2
+ ∂¯x− , J¯− = − ∂¯x
+
z2
,
(2.12)
while for the SU(2) currents we have
J1 =
1
2(−∂φ1 − s3∂φ2) , J2 = 12(−c1c3∂φ2 − s1∂φ3) , J3 = 12 (−c1∂φ3 + c3s1∂φ2) ,
J¯2 =
1
2(+∂¯φ2 + s3∂¯φ1) , J¯1 =
1
2(+c2c3∂¯φ1 + s2∂¯φ3) , J¯3 =
1
2 (+c2∂¯φ3 − c3s2∂¯φ1) ,
(2.13)
where we use the shorthand notation si = sinφi, ci = cosφi. The (anti)chiral currents appear
also when computing the Noether currents from the action SWZW = S1+kΓ. In fact, invariance
of the WZW action under left transformations g → (1 + εL + . . .)g implies the conservation of
the Noether current J i = 14(η
ij − ǫij)∂jgg−1 which is related to the chiral current as
J = (J+,J−) = (J, 0) . (2.14)
Similarly, from the right transformations g → g(1 + εR + . . .) one finds the Noether current
J¯ i = −14(ηij + ǫij)g−1∂jg related to the antichiral current as
J¯ = (J¯+, J¯−) = (0, J¯) . (2.15)
Conservation of the Noether current ∂iJ
i = 0 (respectively ∂iJ¯
i = 0) implies chirality of
J (respectively antichirality of J¯). As we have already pointed out, in general these Noether
currents are not the same as those of the sigma model description, which we denoted by J .
6The relative minus sign is needed to get the correct sign in front of the S3 metric. In the supersymmetric
case it is naturally accounted for by the supertrace.
7The relative minus sign between AdS3 and S
3 is again related to the fact that we are not using the supertrace
in the action and in order to define the components of the currents.
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2.3 Marginal deformations
In [8] Chaudhuri and Schwartz considered two-dimensional CFTs with Ja, J¯a satisfying current
algebra relations8
Ja(σ)J
b(σ′) ∼ i δ
b
a
2k(σ − σ′)2 +
if bacJ
c
2k(σ − σ′) ,
J¯a(σ¯)J¯
b(σ¯′) ∼ i δ
b
a
2k(σ¯ − σ¯′)2 +
if bacJ¯
c
2k(σ¯ − σ¯′) ,
(2.16)
where we use ∼ since we are omitting regular terms and f cab are structure constants of a Lie
algebra f. The authors of [8] were interested in exploring the space of marginal deformations
induced by dimension (1, 1) operators of the type
gO(σ, σ¯) = gcabJa(σ)J¯b(σ¯) , (2.17)
where cab are constant coefficients. The above operator is “integrably” or exactly marginal (i.e.
can be completed to all orders in conformal perturbation theory in g) if it has no anomalous
dimension, and they found that a necessary condition for this to hold is that
CabcCdefKadKbeKcf + C¯
abcC¯defKadKbeKcf = 0 , (2.18)
where Kab is the Killing form and we have defined
Cabc ≡ cdacebf cde , C¯abc ≡ cadcbef cde . (2.19)
We will call (2.18) the weak Chaudhuri-Schwartz (CS) condition. Ref. [8] considered only the
case of compact algebras, meaning that the Killing form Kab is negative definite and can be
taken to be diagonal. In this case (2.18) becomes a sum of squares of Cabc and C¯abc, and it
holds if and only if
Cabc = 0 , and C¯abc = 0 . (2.20)
We will call (2.20) the strong CS condition, because it is a stronger constraint in the case of
non-compact algebras. In [8] it was also shown that the strong condition is equivalent to being
able to rewrite
O(σ, σ¯) = c˜abJ˜a(σ) ˜¯Jb(σ¯) , (2.21)
where J˜a(σ),
˜¯Jb(σ¯) are linear combinations of the original Ja(σ), J¯b(σ¯) such that
J˜a(σ)J˜
b(σ′) ∼ i δ
b
a
2k(σ − σ′)2 ,
˜¯Ja(σ¯)
˜¯Jb(σ¯′) ∼ i δ
b
a
2k(σ¯ − σ¯′)2 , (2.22)
i.e. the structure constants for this particular set of currents vanish. The absence of a simple
pole in these OPEs means that they are the same as similar ones for free bosons, which in
turn means that the β-function for the deformation parameter g vanishes and the deformation
is exactly marginal. In other words, deformations corresponding to abelian subalgebras, which
is the only possibility in the compact case, are exactly marginal. When the Lie algebra f is
non-compact it is possible to find deformations that satisfy only the weak CS condition, as we
will see. A priori they are not guaranteed to be marginal beyond lowest order, and indeed we
will find both examples which are and those which are not.
8Since we are not normalising the currents with an explicit k and we raise/lower indices with the bilinear form
induced by the trace, as opposed to the Killing form, certain factors differ from [8].
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In fact a sufficient condition on cab such that the weak CS (2.18) holds is that the coefficients
cab identify two solvable subalgebras of f (one corresponding to Ja and one to J¯b). This follows
directly from Cartan’s criterion for a solvable Lie algebra h
h solvable ⇐⇒ Tr(ab) = 0, ∀a ∈ h, b ∈ [h, h] . (2.23)
If we are in such a situation then the two terms in (2.18) separately vanish because
CabcCdefKcf = 0 , C¯
abcC¯defKcf = 0 . (2.24)
In the case of the SL(2,R)×SU(2) WZW model, we may for example identify the two solvable
subalgebras generated by {S0, S+, T1} and {S¯0, S¯−, T¯2}. Then if we call Ya ≡ {J0, J+, J1} and
Y¯a = {J¯0, J¯−, J¯2} the list of the corresponding (anti)chiral currents, an operator
O(σ, σ¯) = cabYa(σ)Y¯b(σ¯) , (2.25)
will be marginal to lowest order for generic coefficients cab. Notice that generically cab will not
solve the strong CS condition (2.20).
All the solutions to the weak CS condition that we will generate from the CYBE on g =
fL ⊕ fR = sl(2,R)L ⊕ su(2)L ⊕ sl(2,R)R ⊕ su(2)R will be of this type. Indeed to solve the CYBE
it is enough to look at the subalgebra generated by {S0, S+, T1, S¯0, S¯−, T¯2}. When they come
from the YB construction, the coefficients cab will obviously not be generic, and we will relate
them to certain components of the R-matrix, see the discussion at the end of section 3.2. The
YB construction has the advantage of giving a way to go beyond the infinitesimal deformation
driven by O(σ, σ¯), and gives a sigma-model action that is exact in the deformation parameter.
As we have argued, we expect the CYBE to give solutions to the weak CS condition in more
generic situations. In appendix D we discuss a solution of the CYBE that provides coefficients
cab that solve the weak CS condition without identifying solvable subalgebras.
3 Yang-Baxter and current-current deformations
3.1 Yang-Baxter deformations
We now review the transformation rules for the target space fields for YB deformations derived
in [36]. Given an initial sigma model with metric and Kalb-Ramond fields Gmn, Bmn, the
background of the YB deformed model is given by
G˜− B˜ = (G−B)[1 + ηΘ(G−B)]−1 , (3.1)
where for simplicity we are suppressing all spacetime indices. Here Θmn = kmAR
ABknB is a tensor
constructed out of the Killing vectors kmA and of R
AB, which is a solution to the CYBE on the
Lie algebra g
RD[AR|E|Bf
C]
DE = 0 . (3.2)
In our case g = fL ⊕ fR is the sum of a left and a right copy of f = sl(2) ⊕ su(2), and G,B
were given in section 2.1. The derivation of [36] assumes that the B-field is invariant under the
isometries used in the deformation, i.e. the ones appearing in Θ. This is ensured by picking the
form of B in section 2.1 and using only the isometries generated by (2.7), which is enough to
generate any Yang-Baxter deformation (see appendix C).
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The deformation produces also a shift of the dilaton calculated from the determinant9
e−2Φ˜ = e−2Φ det[1 + ηΘ(G−B)] , (3.3)
where Φ is the dilaton of the original background (in our case Φ = 0). In general YB backgrounds
are solutions to the equations of generalised supergravity [40, 41], so that in addition to the usual
fields one may have also a vector K computed as10
Km = −η
2
RABf CABk
m
C , (3.4)
which is a Killing vector of the YB background ∇(mKn) = 0. For such generalised supergravity
solutions the role of (the derivative of) the dilaton is replaced by the vector11
Xm = ∂mΦ˜−BmnKn . (3.5)
When Km vanishes one goes back to a standard supergravity solution. From (3.4) the relation to
the unimodularity condition of [43] is manifest. There exist also so-called “trivial solutions” of
generalised supergravity [42], i.e. when K does not vanish but it decouples from the equations.
A trivial solution is therefore both a solution of the generalised and the standard supergravity
equations. Later we will encounter examples of this type.
Let us comment on the fact that the YB transformations constructed in [36] were derived
by assuming a group of left isometries for the sigma model. This is necessary in order to apply
the NATD construction and twist the model with the corresponding Killing vectors kA. The
isometries that we will exploit here to deform AdS3×S3, corresponding to the generators in (2.7),
belong both to the left and to the right copy of the symmetry group of the WZW model. The
reason why we can apply the above rules of YB transformations is that the corresponding sigma
model may be constructed as a coset on SO(2, 2)/SO(1, 2)×SO(4)/SO(3) with a WZ term. For
example, focusing on AdS3, we may relate the generators of sl(2,R) to those of the conformal
algebra as
S0 = +
1
2(D − J01), S+ = p+, S− = k−,
S¯0 = −12(D + J01), S¯+ = k+, S¯− = p−,
(3.6)
where e.g. p± =
1
2(p0 ± p1). Then we obtain the wanted sigma model action from S =
k
2pi
∫
d2σTr[g−1∂g(P + b)g−1∂¯g] where g = exp(x+p+ + x
−p−) exp(D log z), P projects on the
generators of the coset pi−ki and D, and finally b(p±−k±) = ±(p±−k±) produces the B-field.
In this formulation the isometries that we want to exploit, generated by S0, S+, S¯0, S¯−, act from
the left as g → hg and leave also the B-field invariant.
For later convenience, let us say at this point that it is easy to check that when an R-matrix
is given by the sum of two R-matrices, the corresponding background can be understood as
9In the supersymmetric case the determinant is replaced by the superdeterminant.
10Eq. (3.4) may be obtained from the formula derived in [36] (i.e. Km = ηΘmnnn = ηk
m
AR
ABnB with nA = f
B
AB)
after using the identity RABf CAB = −2f
A
ABR
BC , which is a consequence of the CYBE. It is also easy to check
that (3.4) agrees with Km = η∇
(0)
n Θ
mn proposed in [30], where ∇
(0)
n is the covariant derivative of the original
undeformed background. Indeed, using first the Killing equation for kmA and then the anti-symmetry of R, we have
∇
(0)
m Θ
mn = kmAR
AB
∇
(0)
m k
n
B = R
ABkmA ∂mk
n
B . Knowing that Killing vectors satisfy [k
m
A ∂m, k
n
B∂n] = −f
C
ABk
p
C∂p we
obtain again (3.4).
11This expression applies in a gauge where B is invariant under the isometry generated by K, LKB = 0. Here
we stick with the original notation of [41]. In [36] and [42] Xm was used instead, but there is a risk of confusing
it with Xm = Xm +Km of [41].
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the composition of two successive YB transformations. This is easily seen using the following
identity valid when Θ = Θ1 +Θ2
[1 + ηΘ1(G−B)]−1
[
1 + ηΘ2(G −B)[1 + ηΘ1(G−B)]−1
]−1
= [1 + ηΘ(G−B)]−1 , (3.7)
which holds without assuming any property12 for Θi, neither antisymmetry nor CYBE. Thanks
to this formula it is straightforward to argue that the background metric and B-field of a YB
deformation generated by Θ = Θ1 + Θ2 are equivalent to those coming from the composition
of two successive deformations, e.g. first one generated by Θ1 and then one generated by Θ2
(or vice versa). The same holds for the transformation rule of the dilaton, and of the vector
K, which is linear in Θ (or equivalently R). Obviously, the interpretation as YB deformations
in the intermediate steps will be possible only if Θ1, Θ2 separately solve the CYBE, and if the
isometries needed to implement the second deformation are not broken by the first one. In this
case we will say that Θ is “decomposable”. Apart from these subtleties, it will often prove useful
to interpret a deformation generated by Θ = Θ1 +Θ2 as a composition of two transformations.
Later we will encounter examples in which Θ1 generates the undeformed background up to a
(η-dependent) field redefinition. In this case one can say that Θ = Θ1+Θ2 is equivalent to the YB
deformation generated by Θ2 alone only if the field redefinition x
m → xm(x′) = x′m + ηfm(x′)
needed to trivialise Θ1 is compatible with Θ2. It is easy to convince oneself that the necessary
compatibility condition is
A−1Θ2(x
′m + ηfm(x′))A−T = Θ2(x
′m) , (3.8)
where Amn =
∂xm
∂x
′n
, and we are writing the explicit dependence of Θ2 on the coordinates.
3.2 Relation to marginal current-current deformations
Before discussing YB deformations of AdS3 × S3, let us make a simple observation: at leading
order in the deformation parameter, the YB deformation is of the form JJ , where J are the
Noether currents of the sigma model. This is straightforwardly checked by expanding the sigma
model action S = T2
∫
d2σ ∂xm(G˜mn− B˜mn)∂¯xn to lowest order in the deformation parameter13
S = S0 − ηT
2
∫
d2σ RABJA+JB− +O(η2) . (3.9)
While this is true for a generic sigma model, this observation is particularly interesting when the
original sigma model is related to a WZW model. If the Noether currents JAi coincided with
the chiral Noether currents of the WZW model JAi = {Jai, J¯ai}, then we would automati-
cally obtain a current-current deformation of the type JJ¯ . In fact, from (2.14) and (2.15) one
immediately finds that14
∫
d2σ ǫij RBAJAiJBj = 4
∫
d2σ Rab¯JaJ¯b¯. As we have seen, though,
in general J iA = J iA + ǫij∂jcA, and the discussion is more subtle because (3.9) will contain
additional terms together with the wanted JJ¯ ones. We are about to show that for YB defor-
mations of the AdS3 × S3 sigma model these additional terms can be removed by proper field
redefinitions. We can therefore relate YB deformations to the deformations of the type cabJaJ¯b
considered by CS. From this discussion it is also clear that we should identify the coefficients
12Obviously we need to assume invertibility of the above operators.
13Recall that we are restricting to the case when the isometries used to construct the deformation leave not
just the action but also the Lagrangian invariant, so that jAi = 0. This was the assumption also in the derivation
done in [36].
14Notice that the R-matrix may have also non-vanishing components with both indices in the left (or both in
the right) copy of the algebra, but these will not contribute in the final expression, and the contributions coupling
currents with the same chirality cancel out.
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cab of CS with an “off-diagonal” block of the R-matrix. More explicitly, since R ∈ g ∧ g we are
solving the CYBE on an algebra which is the sum of a left and a right copy g = fL ⊕ fR, the
R-matrix can be decomposed as
R =
(
RLL RLR
RRL RRR
)
(3.10)
with RTLL = −RLL, RTRR = −RRR and RTLR = −RRL. The relation to the coefficients of CS is
therefore cab = RabLR. We can therefore generate solutions to the (weak) CS condition from
solutions of the CYBE, and we will find several non-trivial examples in the following. Obviously
abelian R-matrices (R = a ∧ b, [a, b] = 0) will give solutions of the strong CS condition. When
dealing with non-compact algebras the CYBE allows also for solutions that are not of the abelian
type. Some of them will give coefficients cab that do not solve the strong CS condition. They
all solve the weak CS condition as already explained at the end of section 2.3.
It would be very interesting to understand more deeply the relation between the space
of solutions of the CYBE (3.2) and the weak CS condition (2.18) in the case of a generic
algebra g = fL ⊕ fR. It is interesting to notice that in order to solve the CYBE one may need
also components of the diagonal blocks RLL and RRR, while in the weak CS condition these
will not enter. In fact, given Rab¯LR = c
ab¯ and taking the CYBE on mixed left/right indices
(where we use an explicit bar for indices of the right copy of the algebra), one gets for example
cda¯Rebf cde + c
bd¯cce¯f a¯
d¯e¯
+ Rdccea¯f bde = 0. Depending on the coefficients c
ab¯ one may also need
non-vanishing left-left Rab components in order to solve this equation,15 but the CS condition
is not sensitive to them.
Let us also comment that, differently from what was claimed in [44], the strong CS condi-
tion (2.20) is not the CYBE, not even when one further imposes the unimodularity condition
(and in fact our R9 in table 3 is a counter example to that claim).
3.3 Field redefinition
In order to display the current-current structure of the deformed model it is convenient to write
the Lagrangian in the form
L = L0 − 12ηJA+[(1 + ηRM)−1R]ABJB− , (3.11)
where L0 is the undeformed Lagrangian andMAB = k
m
A k
n
B(G−B)mn. This follows directly from
the form of G˜− B˜ in (3.1) and the definition of the Noether currents in (2.6) upon recalling that
we will pick R so that the last term in J does not contribute. To compare this to the discussion
of current-current deformations of the WZW model we need to perform a field redefinition that
replaces the Noether currents in the above expression with the chiral currents.16 In appendix A
we find such a field redefinition for a general deformation specifying to AdS3×S3 for concreteness.
Here we will just say that for all deformations that we consider we find that the Lagrangian can
be written in the form
L = L0 − 12ηJˆa[(1 + ηRM ′)−1R]aa¯ ˆ¯Ja¯ , (3.12)
where M ′ is a shorthand for M after the field redefinition. Jˆa,
ˆ¯Ja¯ are modifications of the chiral
currents of the undeformed WZW model. Their explicit form is given in (A.25) for deformations
of AdS3, and in section 3.5 for deformations of AdS3 × S3.
15Such an example is given by the fourth R-matrix in table 1.
16It is actually enough to look at the lowest order in η if we are considering infinitesimal deformations. The
action written in terms of the Noether currents as in (3.11) was given also in [44] but the rewriting in terms of
the chiral currents is missing there.
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At leading order in η the above Lagrangian becomes
L = L0 − 12ηJaRaa¯J¯a¯ +O(η2) , (3.13)
so that the comparison to the current-current deformations considered by CS is now manifest.
3.4 YB deformations of AdS3
Let us start by looking at YB deformations that deform only AdS3. We will start with the
simplest ones which are TsT-transformations. They come from the abelian R-matrices of
sl(2,R)L ⊕ sl(2,R)R which (up to automorphisms) are17 18
S+ ∧ S¯− , S0 ∧ S¯0 , S+ ∧ S¯0 . (3.14)
For the first one we obtain, from (3.1) and (3.3), the supergravity background of a deformation
of AdS3 × S3 × T 4
ds2 = −dx
+dx−
z2 − η +
dz2
z2
+ ds2S3 + ds
2
T 4 ,
B =
dx+ ∧ dx−
2(z2 − η) −
1
4
sinφ3dφ1 ∧ dφ2 , e−2Φ˜ = 1− η
z2
.
(3.15)
In this case the isometries involved in the deformation procedure correspond to Noether currents
that agree with the (anti)chiral currents, see (2.8). We therefore automatically get that to
leading order the deformation of the Lagrangian is given by the marginal operator ηJ+J¯−.
In [45] the above background was argued to be the dual of the “single-trace” T T¯ deformation of
the symmetric product orbifold CFT2. This is also is accordance with the fact this particular
YB deformation is just a TsT transformation involving the two boundary coordinates.19 At
finite order in the deformation parameter the Lagrangian is given by (3.12), (A.25) and (A.1)
L = L0 − 12
η
1− η
z2
J+J¯− . (3.16)
The derivative of the action with respect to the deformation parameter is given by
dS
dη
= −T
2
∫
d2σ Jη+J¯
η
− , (3.17)
where Jη+ = (1− ηz−2)−1J+ and J¯η− = (1− ηz−2)−1J¯− are (anti)chiral currents of the deformed
model. This background was analysed in [46]. Let us also note that in this case the deformation
parameter can be absorbed by a rescaling of the coordinates. There are therefore only three
cases: η > 0, η = 0 and η < 0. The first of these is not globally well behaved since the dilaton
becomes imaginary when crossing z =
√
η. For η < 0 the solution interpolates between two
CFTs: the SL(2,R) WZW model and a linear dilaton background (plus two decoupled bosons).
It would be interesting to study further the implications of the existence of this interpolating
solution but we will not do so here. See also [45] for a discussion on the different interpretations
depending on the sign of the deformation parameter.
17From now on we will use the components RAB to construct R = RABTA ∧TB ∈ g ∧ g.
18We could consider also R = S0 ∧ S¯−, but it is related to R = S+ ∧ S¯0 if we also exchange the left and right
copy of the algebra.
19We can have a TsT interpretation because we can implement the sequence T-duality, shift, T-duality in terms
of the coordinates x0, x1, instead of the null coordinates x±.
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R = RABTA ∧TB Deformation? cabJaJ¯b Strong CS?
R1 = S0 ∧ S+ Trivial deformation 0 Yes
R2 = (S0 ∓ S¯−) ∧ S+ TsT ±J+J¯− Yes
R3 = (S0 − aS¯0) ∧ S+ TsT aJ+J¯0 Yes
R4 = (S0 − S¯0) ∧ (S+ ± S¯−) Not SUGRA J+J¯0 ± J0J¯− No
R5 = S0 ∧ S+ ± S¯0 ∧ S¯− + λS+ ∧ S¯− TsT λJ+J¯− Yes
Table 1: Non-abelian R-matrices of sl(2)L ⊕ sl(2)R up to SL(2,R)L × SL(2,R)R inner automor-
phisms and swaps of L ↔ R. For convenience we also write the marginal operators that they give
rise to, and whether they satisfy the strong CS condition.
For the remaining two abelianR-matrices we obtain by a similar calculation the Lagrangians20
L = L0 − 12η
(4 + η)z2
4z2 + η(4 + η)x+x−
J0J¯0 ,
L = L0 − 12η
z2
z2 + ηx−
J+J¯0 .
(3.18)
For all the abelian examples one finds, as already mentioned, that
dS
dη
= −T
2
∫
d2σ Raa¯Jηa J¯
η
a¯ , (3.19)
where Jηa , J¯
η
a¯ are (anti)chiral currents of the deformed model. For the last two abelian examples
they are
R = S0 ∧ S¯0 : Jη0 = αJ0 , J¯η0 = αJ¯0 , α ≡
4z2
√
1 + η2
4z2 + η(4 + η)x+x−
,
R = S+ ∧ S¯0 : Jη+ = αJ+ , J¯η0 = αJ¯0 , α ≡
z2
z2 + ηx−
.
(3.20)
Following [46], the above result is another way to see that the YB model provides a deformation
that is marginal exactly in the deformation parameter.
In order to find deformations that at least potentially are not TsT, one should look at the
class of non-abelian R-matrices. The full list of non-abelian R-matrices of sl(2,R)L ⊕ sl(2,R)R
(up to SL(2,R)L × SL(2,R)R automorphisms) is given in table 1. They are special cases of
the R-matrices for sl(2,R)L ⊕ sl(2,R)R ⊕ su(2)L ⊕ su(2)R classified in appendix C. Analysing
the first example R1 = S0 ∧ S+ one finds that, after the field redefinition x+ → x+ − η2 log z,
not only the leading order in η vanishes in the action, but also all the higher orders. This is
obvious from eq. (3.12) and the fact that R with an anti-chiral index vanishes. In other words
the deformation is trivial, since its effect is to give the undeformed AdS3 background in new
(η-dependent) coordinates. To be more precise, from R1 we get back undeformed AdS3 up to
a non-vanishing K = −η∂x+ , from (3.4). This is of course a “trivial solution” of generalised
supergravity (i.e. one that solves also standard supergravity upon dropping K, notice that K
is null).21
20The J0J¯0-deformation was considered also in [47].
21Obviously a similar discussion holds also for R = S¯0 ∧ S¯−.
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The above result for R1 = S0 ∧ S+ turns out to be useful to analyse some of the following
examples in the table. It is easy to see that R2 and R3 in table 1 are of the form R = S0∧S++R′
and that in both cases R′ is compatible with the field redefinition that trivialises the effect of
the piece S0 ∧ S+, see (3.8). Therefore these two R-matrices are equivalent to two of the TsT
transformations already discussed,22 generated by S+ ∧ S¯− and S+ ∧ S¯0. Alternatively it is easy
to see this directly from the Lagrangian in (3.12) and (A.25).
The last two R-matrices in table 1, instead, give backgrounds that are not of this type.
From (3.4) we find that they have K = −η(∂x+ ± ∂x−) and K = −η(∂x+ ∓ ∂x−) respectively,
neither of which is null. The only way they can give solutions of standard supergravity is then,
as shown in appendix E, if X = dφ + K˜ with φ the dilaton and K˜ an independent Killing
vector field. We can extract K˜ from the equation dK + iK˜H = 0 in (E.1) and for R4 one finds
K˜ = η(∂x+ ∓ ∂x−)± η2z−1∂z +O(η3) which, at lowest order, differs from K only in the sign of
the ∂x+-term. However from the lowest order correction to the action J+J¯0 ± J0J¯− we read off
the deformed metric
z−2(−dx−dx+ + dzdz) − ηz−4(zdz(dx− ∓ dx+) + (±x+ − x−)dx+dx−) +O(η2) , (3.21)
which is only invariant under δx+ = ηǫ, δx− = ±ηǫ which is generated by K, and not under
δx+ = ηǫ, δx− = ∓ηǫ, δz = ±η2ǫz−1 which is generated by K˜. Therefore K˜ is not Killing and
the R4-background is not a solution to standard supergravity. Note that it only fails to be a
solution at order η2 which is consistent with the fact that the leading-order deformation satisfies
the weak CS condition. We will not consider this background further here since our interest is
mainly in string theory applications. For R5, instead, one can show that K˜ is a Killing vector of
the deformed metric and it satisfies (E.1), meaning that we get a “trivial solution” of generalised
supergravity for generic λ. Actually, using (3.12) and (A.25), for R5 we find the Lagrangian
23
L = L0 +
ηz2(η − 4λ)
2 (η(η − 4λ) + 4z2)J+J¯− , (3.22)
which is exactly that of the TsT example in (3.16) with η → ηλ − η2/4. This background
therefore provides an example of the more general kind of trivial solution of the generalized
supergravity equations discussed in appendix E for which K2 6= 0.
This example also shows how the identification of the deformation parameters can be non-
trivial. In fact, although at leading order the marginal deformation is given only by ηλJ+J¯−, the
deformation exact in η shows that the deformation parameter of the TsT is instead ηλ− η2/4,
and in particular it does not vanish even when λ = 0.
It is interesting to look at the marginal operators of the type cabJaJ¯b that are generated by
each R-matrix. We write them for convenience in table 1. While they all solve the weak CS
condition, they all solve also the strong CS condition (which guarantees that they are exactly
marginal) except for the fourth one (which we have seen fails to be marginal beyond lowest
order).
3.5 YB deformations of AdS3 × S3
Looking at deformations of AdS3 × S3 gives a richer set of possibilities. In this case we want to
solve the CYBE on the algebra sl(2)L ⊕ sl(2)R ⊕ su(2)L ⊕ su(2)R.
22Also in this case the equivalence holds up to a non-vanishing K = −η∂x+ that is null and decouples from the
equations of generalised supergravity.
23For concreteness we take R5 = S0 ∧ S+ + S¯0 ∧ S¯− + λS+ ∧ S¯−, but similar results apply also for R5 =
S0 ∧ S+ − S¯0 ∧ S¯− + λS+ ∧ S¯−.
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The simplest example to start with is R = S+∧T¯2. This is an abelian R-matrix and therefore
corresponds to a TsT mixing AdS3 and S
3. In [48, 49] it was argued that this background is
dual to the single-trace T J¯ deformation of the CFT2. From the YB procedure one explicitly
finds
ds2 = ds2AdS3 + ds
2
S3
+
η
4z2
dx−(dφ2 + 2 sinφ3dφ1),
B = B0 +
ηdx− ∧ (dφ2 + 2 sin φ3dφ1)
8z2
, e−2Φ = 1.
(3.23)
From (2.9) we see that the Noether current J¯2 differs from the antichiral current J¯2, and therefore
field redefinitions are needed in order to put the action in the form that makes the chirality
structure manifest. After the field redefinition x+ → x+ − η4φ2, or equivalently by looking
directly at (A.22), (A.16) and (A.23) the Lagrangian becomes
L = L0 − 12ηJ+J¯2 . (3.24)
This deformation is special since the leading linear order is exact. Obviously dS/dη = −T2
∫
J+J¯2.
We will now focus on non-abelian R-matrices. These are classified for sl(2)L⊕sl(2)R⊕su(2)L⊕
su(2)R in appendix C. Since the CYBE on the two copies of su(2) implies that the subset of
generators from this part of the algebra should be abelian, our classification is useful also to
study deformations of the full AdS3 × S3× T 4 or the more generic AdS3 × S3× S3× S1. Every
time an su(2) generator appears, it may as well be replaced by another compact generator, as
long as all compact generators involved form an abelian subalgebra. For concreteness we will
only look at deformations of AdS3 × S3. The rank-2 non-abelian R-matrices are collected in
table 2. Since they are special cases of the rank-4 R-matrices, listed in table 3, we will not
consider them separately.
R = RABTA ∧TB Deformation?
R1 = (S0 − S¯0 + T ) ∧ (S+ ± S¯−) R4+TsT =⇒ not SUGRA
R2 = (S0 − aS¯0 + T ) ∧ S+ R3+TsT =⇒ TsT
R3 = (S0 ∓ S¯− + T ) ∧ S+ R2+TsT =⇒ TsT
R cabJaJ¯b Strong CS?
R1 ±(J0 + aJ1)J¯− + J+(J¯0 + bJ¯2) No
R2 J+(aJ¯0 + bJ¯2) Yes
R3 J+(±J¯− + bJ¯2) Yes
Table 2: Rank-2 non-abelian R-matrices of sl(2)L ⊕ sl(2)R ⊕ su(2)L ⊕ su(2)R up to SL(2,R)L ×
SL(2,R)R × SU(2)L × SU(2)R inner automorphisms and swaps of L ↔ R. With T we denote a
generic linear combination of T1, T¯2.
To compute the Killing vector K that appears in the generalized supergravity equations
we note that eq. (3.4) implies that only the non-abelian generators matter and we can set
T = T ′ = T ′′ = 0 (where these are generic linear combinations of T1, T¯2). We find therefore the
same answer as for the SL(2,R) case in the previous section and comparing to that analysis
we see that only R4 (and therefore R1) does not give a supergravity solution. Since we are
interested in string theory applications we will focus on the analysis of R5 through R10. Recall
that in this way we automatically consider also the rank-2 R-matrices R2 and R3. From (A.22),
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R = RABTA ∧TB Deformation?
R4 = R1 + aT1 ∧ T¯2 R1+TsT =⇒ not SUGRA
R5 = R2 + bT1 ∧ T¯2 R2+TsT =⇒ TsT
R6 = (S0 + T ) ∧ S+ + T ′ ∧ (S¯0 + T ′′) SUGRA
R7 = (S0 + T ) ∧ S+ + T ′ ∧ (S¯− + T ′′) TsT
R8 = R3 + aT1 ∧ T¯2 R3+TsT =⇒ TsT
R9 = (S0 + S¯0 + T ) ∧ T ′ + S+ ∧ S¯− SUGRA, not TsT
R10 = (S0 + T ) ∧ S+ ± (S¯0 + T ′) ∧ S¯− + λS+ ∧ S¯− TsT
R cabJaJ¯b Strong CS?
R4 (J0 + aJ1)J¯− + J+(J¯0 + bJ¯2) + aJ1J¯2 No
R5 J+(aJ¯0 + bJ¯2) + bJ1J¯2 Yes
R6 aJ+J¯2 + bJ1J¯0 + cJ1J¯2 Yes
R7 aJ+J¯2 + bJ1J¯− + cJ1J¯2 Yes
R8 J+(J¯− + bJ¯2) + aJ1J¯2 Yes
R9 aJ0J¯2 + bJ1J¯0 + cJ1J¯2 + J+J¯− No (a 6= 0 or b 6= 0)
R10 cJ+J¯2 + dJ1J¯− + λJ+J¯− Yes
Table 3: Rank-4 non-abelian R-matrices of sl(2)L ⊕ sl(2)R ⊕ su(2)L ⊕ su(2)R up to SL(2,R)L ×
SL(2,R)R × SU(2)L × SU(2)R inner automorphisms and swaps of L ↔ R. With T, T ′, T ′′ we
denote generic linear combinations of T1, T¯2.
(A.16) and (A.23) it follows that (after the field redefinitions) the Lagrangian takes the form
L = L0 − 12ηJˆa[(1 + ηRM ′)−1R]aa¯ ˆ¯Ja¯ , (3.25)
where for R5–R8
Jˆa = Ja + ηδ
0
ayiY
i
AR
A+J+ ,
ˆ¯Ja¯ = J¯a¯ − ηδ0¯a¯Y iARA−¯yiJ¯− , (3.26)
while for R9
Jˆa = e
δaJa ,
ˆ¯Ja¯ = e
δ¯a¯ J¯a¯ , δ+ = −δ¯−¯ = −ηY iARA0yi . (3.27)
It is not hard to show that R5, R7 and R8 are in fact equivalent to TsT transformations.
Consider the first one. The deformed Lagrangian is
L = L0 − 12η[Ja + ηδ0ayiY iARA+J+][(1 + ηRM ′)−1R]aa¯J¯a¯ . (3.28)
However, due to the form of the R-matrix and the fact that M ′+A = 0 this is equal to
L = L0 − 12ηJa[(1 + ηRM ′)−1R]aa¯J¯a¯ , (3.29)
where furthermore we can replace R by the abelian R-matrix obtained by dropping the S0∧S+-
term in R5. This deformation therefore reduces to a sequence of commuting TsT transforma-
tions. The same conclusion applies to R8 as is easily seen from the form of the R matrix. For
R7 we have
L = L0 − 12η[Ja + ηδ0ayiY iARA+J+][(1 + ηRM ′)−1R]aa¯[J¯a¯ − ηδ0¯a¯Y iARA−¯yiJ¯−] , (3.30)
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but again the terms with a = 0 and a¯ = 0¯ drop out due to the form of the R-matrix and the
fact that M+A = 0 and this reduces to
L = L0 − 12ηJa[(1 + ηRM ′)−1R]aa¯J¯a¯ . (3.31)
It is also not hard to see, using again the form of the matrices M and R, that one can again
replace R by the abelian R-matrix obtained by dropping the S0 ∧S+-term in R7. The resulting
background is therefore also a TsT. The fact that R5, R7 and R8 are equivalent to TsT back-
grounds may be argued also from the fact that the R-matrices are abelian up to the S0∧S+-term,
and that (3.8) holds.
For R6 the deformed Lagrangian is
L = L0 − 12η[Ja + ηδ0ayiY iARA+J+][(1 + ηRM ′)−1R]aa¯J¯a¯ . (3.32)
Again, using the form of R and the fact that M+A = 0, this simplifies to
L = L0 − 12ηJa[(1 + ηRM ′)−1R]aa¯J¯a¯ . (3.33)
However, in this case we cannot get an equivalent background simply by dropping the S0 ∧ S+-
term in R6.
24 Let us work out the background for the simplest case, T = T ′′ = 0 and T ′ =
aT1 + bT¯2. One finds
L = L0−ηf−1
(
2bηJ+J¯2+2abη(1−ηx
−
z2
)J1J¯2− 12η2(a2+ b2−2ab sinφ3)J+J¯0+8aJ1J¯0
)
(3.34)
where f = 16 + η2(a2 + b2 − 2ab sin φ3)[1− ηx−/z2]. One can show that in fact the (anti)chiral
currents entering this action J+, J1, J¯0 and J¯2 extend to chiral currents to all orders in η, i.e.
the corresponding isometries are not broken by the deformation. Since this is a characteristic
feature of TsT backgrounds it is natural to guess that this background can be generated in that
way. It is not hard to show this explicitly in the special cases a = 1, b = 0 and a = 0, b = 1 in
which cases it is equivalent to the backgrounds generated by
R = T1 ∧ S¯0 − η
2
16
S+ ∧ S¯0 and R = 4η
16 + η2
S+ ∧ T¯2 − η
2
16 + η2
S+ ∧ S¯0 , (3.35)
respectively.
R9 is the only unimodular example, i.e. the only one with K = 0. The deformed Lagrangian
is
L = L0 − 12ηJˆa[(1 + ηRM ′)−1R]aa¯ ˆ¯Ja¯ , (3.36)
with
Jˆa = e
δaJa ,
ˆ¯Ja¯ = e
δ¯a¯ J¯a¯ , δ+ = −δ¯−¯ = −ηY iARA0yi (3.37)
For simplicity we will set T = 0 and T ′ = T1. We can argue that this example is not equivalent
to a TsT as follows. To order η2 the Lagrangian is
L = L0 − 12η(1 +
η
z2
)J+J¯− +
1
2ηJ1J¯0 − 18η2J0J¯0 − 12η2
x−
z2
J1J¯− +O(η3) . (3.38)
The action is clearly not invariant under the isometry corresponding to constant shifts of x− and
therefore the corresponding chiral current J+ does not extend to the deformed theory. Instead
the equations of motion lead to chiral currents
Jη+ = (1 +
η
z2
)J+ − ηx
−
z2
J1 +O(η2) , Jη1 = J1 +O(η2) , (3.39)
24One way to see this is that R6 − R1 is not compatible with the coordinate redefinition needed to undo the
transformation with R1 = S0 ∧ S+ (see eq. (3.8)), therefore one does not expect to be able to undo the effect of
the R1 piece of the R-matrix.
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while the remaining equations of motion read
∂[(1 +
η
z2
)J¯−]− ηJ1J¯− = O(η2) , ∂[J¯0 + ηx
−
z2
J¯−]− ηJ+J¯− = O(η2) . (3.40)
At the same time we have
dS
dη
= −T
2
∫ (
Jη+(1 +
η
z2
)J¯− − J1J¯0 + 3ηx
−
z2
J1J¯− +
1
2ηJ0J¯0 +O(η2)
)
, (3.41)
which clearly cannot be written as a bilinear in deformed chiral currents. Explicitly, we obtain
the background 25
ds2 =− ηdφ1(x
+dx− + x−dx+) + 4dx−dx+ +
(
η − z2) dφ21
η(ηx−x+ − 4) + 4z2 +
dz2
z2
+
dφ22 + dφ
2
3
4
− 2dφ2 sinφ3
(
ηx−dx+ +
(
η − z2) dφ1)
η(ηx−x+ − 4) + 4z2 ,
B =
−4dx− ∧ dx+ − 2 sin φ3
(
dφ2 ∧ (ηx−dx+ +
(
η − z2) dφ1))+ ηdφ1 ∧ (x+dx− − x−dx+)
2η(ηx−x+ − 4) + 8z2 ,
e−2Φ =1 +
η(−4 + ηx+x−)
4z2
.
(3.42)
Finally, R10 = R5 + T ∧ S+ + T ′ ∧ S¯−. Since the sl(2,R) R-matrix R5 does not break the
isometries generated by S+, S¯−, we conclude that the additional terms in R10 have the only
effect of adding further TsT transformations on top of the background generated by R5, which
is itself a TsT background.
Interestingly, the matrices R4 (which may be decomposed in terms of R1) and R9 give rise
(at leading order in the deformation parameter) to marginal deformations of the WZW model
that obviously satisfy the weak CS condition, but not the strong one.
4 Discussion
In this paper we have constructed YB deformations of strings on the pure NSNS AdS3 × S3 ×
T 4 background. Together with abelian YB deformations, which are known to reproduce TsT
transformations, we also constructed non-abelian YB deformations. While some non-abelian
R-matrices give rise to backgrounds that cannot be obtained simply from TsT transformations,
we found that others generate again TsT backgrounds, or even no deformation at all.26 We
expect this to be related to the fact that the initial G−B is degenerate.
For example, the Jordanian R-matrix R1 = S0 ∧ S+ gives back the undeformed AdS3 back-
ground up to an η-dependent field redefinition (and up to a non-vanishing K = −η∂x+). Recall-
ing that the YB deformation is equivalent to a shift of the B-field plus NATD, this observation
suggests that AdS3 with NSNS flux has a certain property of self T-duality, when we dualise
the non-abelian algebra of isometries generated by S0, S+ and we also regularise the action by
performing a B-field gauge transformation.
Although we used our classification of R-matrices to deform, for concreteness, only the
AdS3×S3 part of the background, our results may also be used to obtain deformations involving
25Here we are writing the background that is obtained before doing the field redefinition.
26Except for the introduction of a (decoupled) non-vanishing vector K in the equations of generalised super-
gravity.
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the T 4 of AdS3 × S3 × T 4, or even deformations of the more general AdS3 × S3 × S3 × S1
background. Indeed, in all our expressions of the R-matrices the generators T1, T¯2 may be
substituted with any other two commuting generators of the compact part of the isometry
algebra.27 Let us also mention that the string on these AdS3 backgrounds is integrable [50, 51]
and that our deformations preserve the classical integrability.
To leading order in the deformation parameter, all our YB deformations reduce to the
marginal current-current deformations of the type considered by Chaudhuri and Schwartz in [8].
While they are all marginal to lowest order, since they satisfy what we called the “weak CS condi-
tion”, some of them do not satisfy the “strong CS condition” and the celebrated “no simple-pole
condition” which guarantee exact marginality. Indeed we found examples which failed to be
marginal beyond lowest order (and at one-loop in 1/k), all involving the R-matrix R4 in Table
1, and one example, R9 in Table 3, which remains marginal to all orders in η at least up to one
loop in 1/k. The relation between the space of solutions of the CYBE and that of the weak
CS condition is an interesting question. The former is a quadratic equation for R, while the
latter is a quartic equation for the coefficients cab of the current-current deformation, related
to the left-right block of the R-matrix simply as cab = RabLR. While we expect all solutions of
the CYBE to generate solutions of the weak CS condition (including the trivial ones) it seems
hard to prove this statement for a generic Lie algebra. In appendix D we took a digression
from the setup of the paper and we considered the CYBE on the sl3 algebra, finding again that
it generates non-trivial solutions to the weak CS condition (that do not solve the strong one).
We do not rule out the possibility of having solutions to the weak CS condition that cannot be
“completed” to a solution of the CYBE equation. In section 3 we actually discussed a more
generic criterion (related to the solvability of the subalgebras involved) not requiring CYBE, to
construct solutions of the weak CS condition.
In [52] a marginal deformation constructed out of abelian currents (a TsT transformation)
was interpreted in terms of spectral flow. It would be interesting to understand if this can be
generalised to the non-abelian set-up.
We would like to stress that we worked out the YB deformations in the sigma model de-
scription. It would be very interesting to understand how to formulate the YB deformation
directly at the level of the WZW action. Such a construction was performed in [53, 54, 55] for
R a solution of the modified CYBE.28 The formulation of the deformation of the WZW action
may be obtained from the construction in terms of NATD, in the spirit of [32] and [33]. An
alternative may be to use the language of E models [56, 57, 58], see [59] for a recent application
in similar contexts.
One motivation to carry out this work came from the recent developments on the T T¯ de-
formation [60, 61] and its generalisations. The components T, T¯ of the stress-energy tensor of
a (quite generic) two-dimensional relativistic field theory may be used to construct a “double-
trace” operator generating an irrelevant perturbation of the theory. The deformation is solvable
in the sense that the spectrum of the deformed theory may be computed exactly in the defor-
mation parameter as a function of the spectrum of the original undeformed theory. In [45] a
“single-trace” version of the T T¯ deformation of the symmetric product orbifold CFT was con-
sidered. It was argued that the irrelevant deformation of the “spacetime” CFT governed by29
27That is because the CYBE implies that the restriction of an R-matrix to a compact algebra must be abelian.
We are therefore free to choose which abelian subalgebra we wish to consider.
28There the special propriety R3 = −R was used, so that we do not expect their results to be immediately
applicable to the case of the homogeneous CYBE. Moreover, here we want R to be a solution of the CYBE on
fL ⊕ fR that also couples the left and right copy of the algebra.
29We refer to [45] for the connection to Little String Theories. The above operator should be compared to
the original double-trace version studied in [60, 61] and given by T (x)T¯ (x¯), where T (x) =
∑N
i=1 Ti(x) and
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O(x) ∝ ∑Ni=1 Ti(x)T¯i(x¯), where i labels each copy in the symmetric product, corresponds to a
marginal deformation of the dual WZW model that infinitesimally is just the current-current
deformation J+(σ)J¯−(σ¯), where J+, J¯− are the left and right SL(2,R) currents generating shifts
of the boundary coordinates x+, x−. Another deformation, similar in spirit to the above one,
was studied in [48] and [49] after replacing the T¯ with an antichiral U(1) current of the compact
factor.30 It was argued in [48, 49] that the deformation of the dual WZW model is governed
again by a marginal deformation bilinear in the currents (where now the antichiral current be-
longs to the compact part of the algebra). Such marginal deformations of the WZW model may
be completed to finite values of the deformation parameter in terms of TsT (or equivalently
certain O(d, d)) transformations. Since TsT deformations are a subclass of YB ones, it would
be interesting to understand if it is possible to provide a holographic interpretation also for the
YB deformations of AdS3 × S3 × T 4 considered here. (The connection to YB models was also
pointed out the recent paper [44].) We expect our marginal deformations of the WZW model to
correspond to deformations of the dual CFT2 which generalise the (single trace version of the)
T T¯ construction. It would be very interesting to understand for example the case of the non-
abelian R-matrixR9, which gives rise to the marginal deformation aJ0J¯2+bJ1J¯0+cJ1J¯2+J+J¯−.
The non-abelianity of the generators involved forbids the usual iteration of the infinitesimal de-
formation in order to obtain the exact one. The YB deformation, despite the non-abelianity,
provides the realisation of the finite deformation on the worldsheet of the string.
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A Details on the field redefinition
The matrix M in (3.11) is a direct sum of the AdS and sphere part, M =Ma ⊕Ms. They take
the form (we restrict to A,B = {0,+, −¯, 0¯} and A,B = {1, 2¯} respectively, which is all we need
since M always comes multiplied with R on both sides)
Ma =


1
4 0 0 −14
0 0 0 0
−x+
z2
− 1
z2
0 0
−14 + x
+x−
z2
x−
z2
0 14

 , Ms =
(
1
4 0
−12 sinφ3 14
)
. (A.1)
We will make an ansatz for the field redefinition based on the isometry transformations
used to construct the model, but with the transformation parameters depending linearly on
T¯ (x¯) =
∑N
i=1 T¯i(x¯).
30This deformation is in fact the single-trace version of the one first constructed in [62].
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y = (ln z, φ1, φ2) (since we want to cancel terms involving ∂y and ∂¯y). We therefore consider
x± → x′± = eηbi±yi [x± + ηai±yi] , z → z′ = eηb
iyiz , φ1,2 → φ′1,2 = φ1,2 + ηai1,2yi , (A.2)
where i = 1, 2, 3 and bi = (bi+ + b
i
−)/2. For the right-moving Noether currents JA+ we get
J ′0+ =J0 + ηai+yiJ+ − 12∂ ln z + ∂yi[ηbi+M ′00 − ηbi−M ′0¯0 + ηai−eηb
i
−
yiM ′−¯0] , (A.3)
J ′++ =e−ηb
i
+yiJ+ + ∂yi[ηa
i
−e
ηbi
−
yiM ′−¯+ − ηbi−M ′0¯+] , (A.4)
J ′0¯+ =− 12∂ ln z − 12ηbi∂yi , (A.5)
J ′1+ =J1 + 14∂φ1 + ∂yi[ηai2M ′2¯1 − ηai1M11] , (A.6)
J ′2¯+ =14∂φ2 + 14ηai2∂yi . (A.7)
These expressions take a more natural form if we further assume that
ai1 = −Y iARA1 , ai2 = Y iARA2¯ , ai+ = Y iARA+ , ai− = Y iARA−¯ , bi+ = Y iARA0 , bi− = −Y iARA0¯ ,
(A.8)
for some constants Y iA to be determined. Then we have
J ′A+ = eδAJA + ∂yiY iB[ηRM ′]BA +∆A (A.9)
with δ+ = −ηY iARA0yi and
∆0 =− 12∂ ln z + ηyiY iARA+J+ + [eηb
i
−
yi − 1]∂yiY iAηRA−¯M ′−¯0 , (A.10)
∆+ =[e
ηbi
−
yi − 1]∂yiY iAηRA−¯M ′−¯+ , (A.11)
∆0¯ =− 12∂ ln z , ∆1 = 14∂φ1 , ∆2¯ = 14∂φ2 , (A.12)
the other components vanishing. Using these expressions the transformed Lagrangian becomes
L′ = L′0−12ηeδaJa[(1+ηRM ′)−1R]aBJ ′B−+12η(∂yiY iA−∆A)[(1+ηRM ′)−1R]ABJ ′B−−12η∂yiY iARABJ ′B− .
(A.13)
Picking Y iA such that ∂yiY
i
A −∆A vanishes to lowest order in η we get that its non-zero compo-
nents should be
Y 10 = Y
1
0¯ = −
1
2
, Y 21 = Y
3
2¯ =
1
4
(A.14)
and the Lagrangian becomes
L′ = L′0 − 12η∂yiY iARABJ ′B− − 12ηJˆa[(1 + ηRM ′)−1R]aBJ ′B− . (A.15)
where we have defined
Jˆa = e
δaJa + ηδ
0
ayiY
i
AR
A+J+ + η[e
−δ¯− − 1]∂yiY iARA−¯M ′−¯a , (A.16)
with δ¯− = ηY
i
AR
A0¯yi. A short calculation shows that the transformed undeformed Lagrangian
is (up to total derivatives)
L′0 =L0 +
1
2ηY
i
AR
Aa
(
Ja + ηδ
0
ayjY
j
BR
B+J+
)
∂¯yi +
1
2η∂yiY
i
AR
Aa¯J¯ ′a¯
+ 12η[e
−δ¯− − 1]Y iARA−¯∂yiJ¯ ′− − 12η∂yiY iARABY jB∂¯y′j (A.17)
and using this together with the fact that JB− = J¯B − Y iB ∂¯yi we get
L′ =L0 +
1
2ηY
i
AR
Aa(Ja + ηδ
0
ayjY
j
BR
B+J+)∂¯yi − 12ηJˆa[(1 + ηRM ′)−1R]aBJ ′B−
+ 12η[e
ηbi
−
yi − 1]∂yiY iARA−¯J ′−¯− . (A.18)
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Finally we use the fact that
J ′B− = eδ¯B J¯B − [1 + ηM ′R]BAY iA∂¯yi + ∆¯B (A.19)
with δ¯−¯ = δ¯− was defined above and
∆¯−¯ =− η[e−δ+ − 1]M ′−¯+R+AY iA∂¯yi , (A.20)
∆¯0¯ =− ηY iARA−¯yiJ¯− − η[e−δ+ − 1]Y iAM ′0¯+R+A∂¯yi , (A.21)
and the remaining components vanishing. Finally the Lagrangian becomes
L′ =L0 − 12ηJˆa[(1 + ηRM ′)−1R]aa¯ ˆ¯Ja¯ + 12η[eδ+ − 1]J+R+AY iA∂¯yi − 12η[eδ¯− − 1]∂yiY iARA−¯J¯−
− 12η2[e−δ¯− − 1]∂yiY iARA−¯M ′−¯+[e−δ+ − 1]Y jBR+B∂¯yj , (A.22)
with (recall that δ+ = −ηY iARA0yi and δ¯−¯ = ηY iARA0¯yi)
ˆ¯Ja¯ = e
δ¯a¯ J¯a¯ − ηδ0¯a¯Y iARA−¯yiJ¯− − ηM ′a¯+[e−δ+ − 1]R+AY iA∂¯yi . (A.23)
The terms involving eδ+ − 1 and eδ¯− − 1 are not expressed in terms of the chiral currents but
they only appear at order η2, so they do not interfere with the comparison to infinitesimal
current-current deformations. In fact they vanish for most of the deformations of AdS3 × S3,
e.g. for AdS3 deformations we have R
00¯RA+ = R00¯RA−¯ = 0 and using this we find
L = L0 − 12ηJˆa[(1 + ηRM ′)−1R]aa¯ ˆ¯Ja¯ , (A.24)
with
Jˆa = Ja − 12ηδ0a(R0+ +R0¯+) ln zJ+ , ˆ¯Ja¯ = J¯a¯ + 12ηδ0¯a¯(R0−¯ +R0¯−¯) ln zJ¯− . (A.25)
B On-shell equivalence
Here we will demonstrate the on-shell equivalence of the YB deformed sigma models to the
original ones by deriving the explicit (non-local) field redefinition that relates them. We will do
that by following the NATD transformation and following field redefinition that are used to get
the action of the YB model as in [36]. In the notation of [36], let us start from the action
S′ =
T
2
∫
Σ
(
AI ∧ (GIJ ∗ −BIJ)AJ + 2dzm ∧ (GmI ∗ −BmI)AI
+ dzm ∧ (Gmn ∗ −Bmn)dzn
)
, (B.1)
where A = g−1dg and we have set fermions to zero for simplicity. When going to the NATD
model one relates the original degrees of freedom to the new ones encoded in the Lagrange
multiplier ν as
(1± ∗)AI = −(1± ∗) (dνJ + dzm[∓G−B]mJ)NJI∓ , N IJ± =
(±GIJ −BIJ − νKfKIJ)−1 .
(B.2)
The YB model appears after the redefinition31
νI = η
−1tr
(
TI
1−Ad−1g˜
log Adg˜
R−1 log g˜
)
, (B.3)
31It is assumed that the initial B-field is actually shifted as BIJ → BIJ − η
−1R−1IJ .
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which implies
dνI = η
−1
(
R−1g˜ (g˜
−1dg˜)
)
I
, N = ηRg˜ (1 + η(G −B)Rg˜)−1 = η (1 + ηRg˜(G−B))−1Rg˜ ,
(B.4)
where N = N+ = −NT− . Combining all redefinitions we find that the original A = g−1dg
(which will depend on some coordinates xi) is related to the new degrees of freedom of the YB
model (i.e. the coordinates x˜i parameterising g˜, together with the coordinates zm that remain
spectators) as
(1± ∗)AI = (1± ∗)[(1 ± ηRg˜(G∓B))−1]IJ
(
(g˜−1dg˜)J ∓ ηRJKg˜ (G∓B)Kmdzm
)
. (B.5)
Using formula (4.21) of [36] we find that it can be written as
(1± ∗)A = (1± ∗)(1 ± ηRg˜(G∓B))−1V˜ , V˜ M ≡ δMI (g˜−1dg˜)I + δMm dzm. (B.6)
This can almost be written as a relation involving only the derivatives of the redefined coordi-
nates
(1± ∗)W = (1± ∗)(1 ± ηΘ(G∓B))−1dX˜, dX˜M ≡ δMi dx˜i + δMm dzm, (B.7)
where
WM = δMi ℓ
i
I ℓ˜
I
jdx
j + δMm dz
m, g−1dg = dxiℓIi TI , g˜
−1dg˜ = dx˜iℓ˜IiTI (B.8)
and where all indices that have been omitted above are curved indices M = {i,m}. In general
ℓiI ℓ˜
I
j 6= δij and G,B,Θ may depend on x˜. Thanks to the above field redefinition we can argue
that solutions to the classical equations of the YB model can be mapped to solutions of the
undeformed model, and vice versa.
C All non-abelian R-matrices of sl(2,R)2 ⊕ su(2)2
We will classify non-abelian R-matrices solving the classical Yang-Baxter equation relevant to
deformations of AdS3 × S3. The R-matrix is an anti-symmetric matrix with indices in the
isometry algebra, in our case
sl(2,R)L ⊕ sl(2,R)R ⊕ su(2)L ⊕ su(2)R . (C.1)
The classical Yang-Baxter equation (CYBE)
R[A|B|RC|D|f
E]
BD = 0 , (C.2)
implies that RAB is non-degenerate on a subalgebra and zero elsewhere. Calling the inverse
ωAB the CYBE is equivalent to ωA[Bf
A
CD] = 0, i.e. ω is a Lie algebra 2-cocycle on the (dual of
the) subalgebra where R defined. Since it is also invertible this subalgebra is a quasi-Frobenius
(sometimes also called symplectic) subalgebra.32 Therefore R-matrices solving the CYBE on
some Lie algebra are in one-to-one correspondence with quasi-Frobenius subalgebras of this Lie
algebra [63].
Semi-simple Lie algebras cannot be quasi-Frobenius and therefore such algebras of dimension
4 (or 2) must be solvable [64]. In our case things are particularly simple since we have a sum
of four 3 dimensional Lie algebras. When can therefore restrict our attention to subalgebras of
the maximal solvable subalgebra of the isometry algebra which we take to be
s = span{S0, S+, S¯0, S¯−, T1, T¯2} . (C.3)
32If ω is exact, i.e. ωAB = f
C
ABXC for some XC , the algebra is Frobenius.
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The only non-abelian solvable Lie algebra of dimension 2 is r2 with Lie bracket [e1, e2] = e2.
The possibleR-matrices of rank 2 are given by embeddings of r2 into s and up to SL
2(2)×SU2(2)
automorphisms they are
R1 = (S0 − S¯0 + T ) ∧ (S+ ± S¯−)
R2 = (S0 − aS¯0 + T ) ∧ S+
R3 = (S0 ∓ S¯− + T ) ∧ S+
(C.4)
where T is any linear combination of T1 and T¯2.
For the rank 4 case we need to find 4-dimensional solvable subalgebras of s, which are
furthermore quasi-Frobenius (symplectic). The complete list of 4-dimensional quasi-Frobenius
algebras can be found in [65]. Taking into account the fact that [s, s] = span{S+, S¯−} is 2-
dimensional we can rule out any algebra with more than two independent linear combinations of
generators arising from commutators. It is also trivial to see that the Heisenberg algebra with
non-trivial Lie bracket [e1, e2] = e3 is not a subalgebra, h3 6⊂ s. Using these two facts the list of
4-dimensional solvable subalgebras is reduced to (note that r4,−1,0 = R⊕ r3,−1)
R⊕ r3 , R⊕ r3,λ , R⊕ r′3,γ , r2 ⊕ r2 , r′2 , d4,1 . (C.5)
The same paper lists the symplectic ones which are
R⊕ r3,0 [e1, e2] = e2
R⊕ r3,−1 [e1, e2] = e2 , [e1, e3] = −e3
R⊕ r′3,0 [e1, e2] = −e3 , [e1, e3] = e2
r2 ⊕ r2 [e1, e2] = e2 , [e3, e4] = e4
r′2 [e1, e3] = e3 , [e1, e4] = e4 , [e2, e3] = e4 , [e2, e4] = −e3
d4,1 [e1, e2] = e3 , [e4, e3] = e3 , [e4, e1] = e1
(C.6)
It is not hard to show, using the fact that the elements arising from commutators are of the
form aS+ + bS¯− for some a, b, that r
′
3,0 is not a subalgebra of s and therefore neither is r
′
2. It
is also not hard to show that neither is d4,1. For the remaining ones we find the embeddings
(again up to automorphism)
R⊕ r3,0 e1 = S0 − bS¯0 + e′1 , e2 = S+ + aS¯− (a = 0 or a = b = 1)
R⊕ r3,−1 e1 = S0 + S¯0 + e′1 , e2 = S+ , e3 = S¯−
r2 ⊕ r2 e1 = S0 + e′1 , e2 = S+ , e3 = −S¯0 + e′3 , e4 = S¯−
(C.7)
Primed generators denote any linear combination that commutes with the remaining generator.
Only the second algebra is unimodular (i.e. the trace of its structure constants vanish) and is
contained in the classification of unimodular R-matrices in [43].
The rank 4 R-matrices can then be read off from the classification in [65]. Up to inner
automorphisms and exchanging the left and right copy of the algebra they are
R4 = (S0 − S¯0 + T ) ∧ (S+ ± S¯−) + aT1 ∧ T¯2
R5 = (S0 − aS¯0 + T ) ∧ S+ + bT1 ∧ T¯2
R6 = (S0 + T ) ∧ S+ + T ′ ∧ (S¯0 + T ′′)
R7 = (S0 + T ) ∧ S+ + T ′ ∧ (S¯− + T ′′)
R8 = (S0 ∓ S¯− + T ) ∧ S+ + aT1 ∧ T¯2
R9 = (S0 + S¯0 + T ) ∧ T ′ + S+ ∧ S¯−
R10 = (S0 + T ) ∧ S+ ± (S¯0 + T ′) ∧ S¯− + λS+ ∧ S¯−
(C.8)
where T, T ′, T ′′ are linear combinations of T1 and T¯2. The rank 2 R-matrices are contained as
special cases of R4,R5,R8 when the last term vanishes.
A rank 6 R-matrix is only possible if s is itself quasi-Frobenius. It is in this case but the
resulting R-matrix is just R10 + aT1 ∧ T¯2 and therefore leads just to a TsT transformation of
the R10 deformation. Therefore we will not consider it further here.
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D R-matrix on parabolic subalgebra of sl3
Let f denote the 6-dimensional parabolic Lie subalgebra of sl3 [66] with basis (see example 3.6
of [67])
(e1, . . . , e6) = (E12, E13, E21, E23, E11 − E22, E22 − E33) . (D.1)
The Lie brackets are given by
[e1, e3] = e5 , [e1, e4] = e2 , [e1, e5] = −2e1 , [e1, e6] = e1 , [e2, e3] = −e4 ,
[e2, e5] = −e2 , [e2, e6] = −e2 , [e3, e5] = 2e3 , [e3, e6] = −e3 , [e4, e5] = e4 , [e4, e6] = −2e4 .
(D.2)
This algebra is not unimodular since fi6
i = −3 6= 0 and also not solvable since tr([e1, e3]e5) 6= 0
but it is quasi-Frobenius with 2-cocycle
ω =a13e
1 ∧ e3 + a14e1 ∧ e4 − 2a16e1 ∧ e5 + a16e1 ∧ e6 + a23e2 ∧ e3 − a14e2 ∧ e5 − a14e2 ∧ e6
− 2a36e3 ∧ e5 + a36e3 ∧ e6 − a23e4 ∧ e5 + 2a23e4 ∧ e6. (D.3)
One may take e.g.
ω = e1 ∧ (2e5 − e6) + e2 ∧ e3 + e4 ∧ (2e6 − e5) (D.4)
the inverse being
R = −1
3
e1 ∧ (2e5 + e6)− e2 ∧ e3 − 1
3
e4 ∧ (2e6 + e5) . (D.5)
For the SL(3) WZW model we can get a deformation by embedding this algebra in the diagonal
SL(3) ⊂ SL(3)×SL(3). After identifying the coefficients of CS with the off-diagonal components
of the R-matrix and using the definitions in (2.19) we find
C123¯ = −1 , C132¯ = −1 , C151¯ = −2
3
, C161¯ = −1
3
, C234¯ = 1 , C255¯ =
2
3
,
C265¯ =
1
3
, C342¯ = 1 , C454¯ = −1
3
, C464¯ = −2
3
, C562¯ =
1
3
. (D.6)
Once again we are using a bar for indices in the right copy of the algebra. Using the fact that
the non-zero components of the Killing metric are
K13 = K31 = 1 , K55 = K66 = 2 , K56 = K65 = −1 , (D.7)
one finds that Cabc¯Kc¯d¯C
efd¯ 6= 0 but the weak CS condition is satisfied since C2 = 0.
E More general “trivial” solutions of generalized supergravity
In [42] it was shown that the generalized supergravity equations can have “trivial” solutions,
i.e. ones that are also solutions of standard supergravity even though the Killing vector K is
non-zero. Writing33 X = dφ + iKB it was shown that for φ to have a gauge invariant meaning
K must be null. While this is a natural condition it is not strictly necessary. It is possible to
have a situation where K is not null that still leads to a standard supergravity solution, as we
will show here. However in that case one must pick the correct gauge for the B-field to read off
the dilaton from the expression X = dφ+ iKB, as in a different gauge one may find a different
33We recall that this was denoted just by X in [42], but we prefer to avoid confusion with the vector X = X+K
of [41].
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φ which will not be the correct dilaton of a standard supergravity solution. To avoid having
to deal with gauge-transformations of the B-field we will write X = dφ+ K˜ where φ should be
identified with the dilaton. Below we derive the conditions on K˜ for a trivial solution of the
supergravity equations. Note that if we pick a gauge so that B is invariant under the isometry
generated by K we have K˜ = iKB + dφ
′ for some φ′.
We will ignore the RR fields in our discussion. Looking at the generalized supergravity
equations in [42] it follows from the generalized Einstein equation that for (G,H, φ) to solve the
standard supergravity K˜ must be a Killing vector (of the metric, other fields do not a priori
have to be invariant). The remaining equations lead to the following conditions to have a trivial
solution
dK˜ + iKH = 0 , LKφ+K · K˜ = 0 ,
dK + iK˜H = 0 , LK˜φ+K2 + K˜2 = 0 . (E.1)
If K˜ is proportional to K we get precisely the solutions considered in [42], in particular K is
null. But it can also happen that K˜ and K are linearly independent, as the example in (3.22)
shows. Such solutions are clearly much less generic than the solutions considered in [42] since
they require at least two Killing vectors. They are also harder to identify since they require first
extracting the correct dilaton and K˜ and then verifying the equations above.
In [42] it was argued that the analysis based on the generalized supergravity equations agrees
with what one gets by looking at the non-local terms in the sigma model action induced by non-
abelian T-duality on a non-unimodular group [38, 39]. The analysis was done for standard YB
sigma models where the more general possibility of an independent Killing vector K˜ does not
arise. However, the general form of the non-local terms proposed there, namely
Lσ = α
′dσ ∧K − α′dσ ∧ ∗X+O(α′2) , (E.2)
is consistent with the general analysis above since, up to total derivatives, this is equal to
α′σ(dK + iK˜H)− α′σ(d ∗ K˜ + iK˜H)+α′φR(2) (E.3)
and the first term vanishes by (E.1) and the second is proportional to the equations of motion
projected along the Killing vector K˜. The order α′2 terms were also considered in [42] and,
given the present analysis, these will be modified so that they now involve a combination of the
second and last equation in (E.1) rather than just K2.
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